Abstract. In this work we provide effective bounds and classification results for rational Q-factorial Fano varieties with a complexity one torus action and Picard number one depending on the invariants dimension and Picard index. This complements earlier work, where the case of free divisor class group of rank one was treated.
Statement of the results
We consider rational Q-factorial Fano varieties X over an algebraically closed field K of characteristic zero that come with an effective action of a torus T of complexity one, i.e. dim X−dim T = 1; by Fano varieties we mean normal projective varieties with ample anticanonical divisor −K X . We continue the work of [6] where classification results for the case Cl(X) = Z were given. Here we just require Picard number one, i.e. we allow torsion in the divisor class group. A first step is Theorem 3.3 where we provide effective bounds for the number of deformation types of Fano varieties X as above with fixed dimension d and Picard index µ := [Cl(X) : Pic(X)]. As a consequence we obtain the following asymptotical statements about the number δ(d, µ) of different deformation types of Q-factorial d-dimensional Fano varieties with a complexity one torus action, Picard number one and Picard index µ: Theorem 1.1. For fixed d ∈ Z >0 , the number δ(d, µ) is asymptotically bounded by µ µ We turn to the classification. Our approach uses the Cox ring R(X). Note that every Fano variety is uniquely determined by its Cox ring (as a Cl(X)-graded ring). In the subsequent theorems we list the cases where Cl(X) has non trivial torsion; for the results in case of Cl(X) = Z we refer to [6] . The Cox rings are described in terms of generators and relations and we specify the Cl(X)-grading by giving the degrees of the generators. Additionally we list the degree of the Fano varieties d X := (−K X ) d and the Gorenstein index ι(X), i.e. the smallest positive integer such that ι(X) · K X is Cartier. Theorem 1.2. Let X be a non-toric Fano surface with an effective K * -action, Picard number one, non trivial torsion in the class group and [Cl(X) : Pic(X)] ≤ 6. Then its Cox ring is precisely one of the following. Z ⊕ Z/2Z where the parameter λ occuring in the second relation of threefold number 38 can be any element of K * \ {1}.
Let X be a normal complete rational variety coming with a complexity one torus action of T . Consider the T -invariant open subset X 0 consisting of all points x ∈ X having finite isotropy group. According to [8, Cor. 3] there is a geometric quotient q : X 0 → X 0 /T such that X 0 /T is irreducible and normal but possibly not separated. The property of the orbit space X 0 /T being separated is reflected in the Cox ring relations by the condition that each monomial depends on only one variable, e.g. surface number 3 in Theorem 1.2; see [7, Theorem 1.2] . For such varieties we have the following general finiteness statement: Theorem 1.5. The number of d-dimensional normal complete rational varieties of Picard number one with a complexity one torus action of T and Picard index µ such that X 0 /T is separated is finite.
Description of the Cox ring
We briefly recall from [5] a construction of Q-factorial normal projective varieties with a complexity one torus action and Picard number one; the details are given in 
where the T ij are indexed by 0 ≤ i ≤ r, 1 ≤ j ≤ n i , the S k by 1 ≤ k ≤ m and the relations g i are defined as follows: Set T 
.
Define n := n 0 + . . . + n r and let K := Z ⊕ K t be an abelian group with torsion part
such that these degrees generate a pointed cone in K Q = K ⊗ Q and any n + m − 1 of them generate K as a group. The K-grading defines a diagonal action of
is invariant under this H-action. The open set X := X \ {0} allows a geometric quotient p : X → X. The quotient space X := X H is a Q-factorial normal projective variety of dimension
It has divisor class group Cl(X) = K, Cox ring R(X) = R(A, n, L, m) and comes with a complexity one torus action.
According to [5, Theorem 1.5] every Q-factorial normal complete rational variety X with a complexity one torus action and Picard number one has a Cox ring R(X) which is isomorphic as a graded ring to some K-graded algebra R(A, n, L, m) with K ∼ = Cl(X).
We collect some geometric properties of the varieties X just constructed. Every element w ∈ K = Z⊕K t can be written as w = w 0 +w t where w 0 ∈ Z and w t ∈ K t . Further every x = (x ij , x k ) ∈ X ⊆ K n+m defines a point x ∈ X by x := p(x); the points x ∈ X are called Cox coordinates of x. We denote the set of all weights corresponding to a non-zero coordinate of x by
Proposition 2.2. Let X be a Q-factorial complete normal variety with complexity one torus action and Picard number one as constructed in 2.1 and set γ i := deg(g i ), 0 ≤ i ≤ r. Then the following statements hold:
(i) For any x ∈ X, the local divisor class group Cl(X, x) of x := p(x) is finite and gcd(w 0 ; w ∈ W x ) is always a divisor of the group order.
(ii) The Picard group Pic(X) is free and the Picard index is given by
(iii) For the anticanonical class −K X ∈ Cl(X) and its self intersection number
(iv) The variety X is Fano if and only if the following inequality holds:
Proof. Let x(i, j) resp. x(k) be a point in X having the ij-th resp. (n + k)-th entry one and all others zero. With Z := K n+m \ {0} we obtain a commutative diagram
where the induced map embeds X into a toric variety Z such that Cl(X) ∼ = Cl(Z) and Pic(X) ∼ = Pic(Z) holds; see [1, Cor. III.3.1.7]. By choice x(i, j) resp. x(k) is a toric fixed point. Consequently, the Picard group Pic(Z), and also Pic(X), is free [2, Theorem VII. 2.16]. According to [3, Cor. 4 .9] we obtain
where the last equality follows from the fact that Pic(X) is free. This proves assertions (i) and (ii Corollary 2.3. Let X be a Q-factorial normal complete variety with complexity one torus action and Picard number one. If X is locally factorial, then the divisor class group Cl(X) is free.
Corollary 2.4. Let X be a Q-factorial complete normal variety with complexity one torus action and Picard number one. Then | Cl(X) t | divides µ = [Cl(X) : Pic(X)] and in particular we get | Cl(X) t | ≤ µ.
The following example shows that one can use Proposition 2.2(iv) to create series of Fano varieties by altering the torsion part of the divisor class group Cl(X): one can use this data to create Cox rings of Fano varieties. We provide some possible Cl(X)-gradings, given by the grading matrices Q i , defining Del Pezzo K * -surfaces that hold the fixed data but vary in the torsion part of the class group Cl(X) t :
Note that in this situation not every group of the form Z ⊕ Z/kZ, k ∈ N >0 , can be realized as divisor class group.
In Example 2.5 the numbers ℓ i := gcd(l i1 , . . . , l ini ) are pairwise coprime, namely ℓ 0 = 1, ℓ 1 = 2 and ℓ 2 = 5. This allows the case Cl(X 1 ) = Z; see [6, Theorem 1.9] . If the numbers ℓ i are not pairwise coprime, then there is always non trivial torsion in the divisor class group as the following Lemma shows.
t | and the Picard index µ. In particular this holds for lcm j =i (gcd(ℓ i , ℓ j )).
Proof. According to [5, Theorem 1.5] the divisor class group Cl(X) is isomorphic to Z n+m /im(P * ) where P * is dual to P : Z n+m → Z n+m−1 given by a matrix of the form
with l i = (l i0 , . . . , l ini ) and some integral block matrices d i and d ′ . Consequently | Cl(X) t | is the product of all elementary divisors of P which implies that gcd(ℓ 0 , ℓ j ) divides | Cl(X) t |. By an elementary row transformation we obtain the analogous result for gcd(ℓ i , ℓ j ) where 0 ≤ i, j ≤ r, i = j. Since | Cl(X) t | divides the Picard index µ, the assertion follows.
Remark 2.7. One can even prove that lcm 0≤j≤r ( i =j gcd(ℓ i , ℓ j )) divides | Cl(X) t | (see for example surface number 3 in Theorem 1.2).
Effective bounds
First we consider the case n 0 = . . . = n r = 1, that means that each relation g i of the Cox ring R(X) depends only on three variables. Then we have n = r + 1 and consequently m = d − 1. Further we may write T i instead of T i1 and w i instead of w i1 , etc.. In this setting, we obtain the following bounds for the numbers of possible varieties X (Fano or not). 
In this situation we have r < µ + ξ(µ) − 1 where ξ(µ) denotes the number of primes smaller than µ. Moreover for w 0 i ∈ Z >0 and u 0 k ∈ Z >0 where 0 ≤ i ≤ r, 1 ≤ k ≤ m, and the exponents l i one has
Proof. Consider the total coordinate space X ⊆ K r+1+m and the quotient p : X → X as well as the points x(k) ∈ X having the (r + k)-th coordinate one and all others zero. Set x(k) := p(x(k) (x 0 , . . . , x r , 0, . . . , 0) in X such that x i = 0 and x j = 0 for i = j. Then we obtain gcd(w 
Analogously we get the boundedness for all w 0 i . Now let q be the number of l ′ i that are greater than one. Since all l ′ i , 0 ≤ i ≤ r, are coprime q is bounded by ξ(µ) the number of primes smaller than µ. To avoid the toric case we assume l i = 1 for all 0 ≤ i ≤ r. Consequently if l ′ i = 1 then there is at least one 0 ≤ j ≤ r such that gcd(l i , l j ) > 1. Since gcd(l i , l j ) divides µ we get r + 1 − q < µ as a rough bound. All in all we get r + 1 = r + 1 − q + q < µ + ξ(µ).
Proof of Theorem 1.5. Let X be a variety as in Theorem 1.5. Then each monomial of the Cox ring relations depends on only one variable, i.e. n i = 1 for 0 ≤ i ≤ r. Consequently Proposition 3.1 provides bounds for the discrete data such as the non torsion parts of the weights w 0 ij and u 0 k , the exponents l ij and the number of Cox ring relations r. Since | Cl(X) t | ≤ µ holds, the number of possibilities for the torsion part of the grading is also restricted which implies the assertion.
Lemma 3.2. Consider the ring
where n 0 ≥ n 1 ≥ n 2 ≥ 1 holds and let K be a finitely generated abelian group of the form K = Z ⊕ K t with torsion part K t . Suppose that g is homogeneous with respect to a K-grading of K[T ij , S k ] given by deg T ij =: w ij = w (
21 with n 1 > 1 and coefficients η i ∈ K * holds and we have l 21 ≥ 2. Then one has
Proof. We prove (i). Set for short c := (n 0 + m)µ = dµ. Then, using homogeneity of g and the assumed inequality, we obtain
First have a look at the case l 11 > l 21 ≥ 2. Plugging this into the above inequalities, we arrive at 2w 
(ii) Suppose that r ≥ 2 and n 0 = 1 hold. Then r ≤ µ + ξ(µ) − 1 and n = r + 1 and m = d − 1 hold and one has
and the Picard index is given by 
(iv) Suppose that n 1 > n 2 = 1 holds. Then we may assume
(v) Suppose that n 2 > 1 holds and let s be the maximal number with n s > 1.
Then one may assume
, and the Picard index is given by
Proof. As before, we denote by X ⊆ K n+m the total coordinate space and we consider the quotient p : X → X.
We first discuss the case that X is a toric variety. Then the Cox ring is a polynomial ring, R(X) = K[S 1 , . . . , S m ]. For each 1 ≤ k ≤ m, consider the point x(k) ∈ X having the k-th coordinate one and all others zero and set x(k) := p(x(k)). Then, by Proposition 2.2, the order of the local class group Cl(X, x(k)) is devided by u Now we treat the non-toric case, which means r ≥ 2. Note that we have n ≥ 3. The case n 0 = 1 is done in Proposition 3.1. So, we are left with n 0 > 1. For every i with n i > 1 and every 1 ≤ j ≤ n i , there is the point x(i, j) ∈ X with ij-coordinate T ij equal to one and all others equal to zero, and thus we have the point x(i, j) := p(x(i, j)) ∈ X. Moreover, for every 1 ≤ k ≤ m, we have the point x(k) ∈ X having the k-coordinate S k equal to one and all others zero; we set x(k) := p(x(k)). Proposition 2.2 provides the bounds
Let 0 ≤ s ≤ r be the maximal number with n s > 1. Then g s−2 is the last polynomial such that each of its three monomials depends on more than one variable. For any t ≥ s, we have the "cut ring"
where 0 ≤ i ≤ t, 1 ≤ j ≤ n i , 1 ≤ k ≤ m and the relations g i depend on only three variables as soon as i > s holds. For the free part of the degree γ 0 of the relations we have
holds in particular for t + 1 ≤ i ≤ r, we derive from this the inequality
To obtain the bounds in Assertions (iii) and (iv), we consider the cut ring R t with t = 2 and apply Lemma 3.2 and Proposition 2.2; note that we have d = n 0 + n 1 + n 2 + m − 2 for the dimension d = dim(X) and that l 21 ≥ 2 is due to the fact that X is non-toric. The bounds w
We still have to proof the restriction for the number of relations, which means bounding r.
′ r are coprime. For i ≥ 1 we have n i = 1. Thus analogously to the proof of Proposition 3.1 we get r + 1 = r + 1 − q + q ≤ µ + ξ(6dµ) where q is the number of ℓ ′ i that are greater than one and satisfy n i = 1. For the bound in assertion (iv) the same argument yields r + 1 = r + 1 − q + q ≤ µ + ξ (2(d + 1)µ) .
To obtain the bounds in Assertion (v), we consider the cut ring R t with t = s. Using n i = 1 for i ≥ t + 1, we can estimate the degree of the relation as follows:
We have w 0 ij l ij ≤ γ 0 for any 0 ≤ i ≤ r and any 1 ≤ j ≤ n i , which implies that all w 0 ij and l ij are bounded by (d + 2)µ. Since n 0 , . . . , n s−1 > 1 holds, the number s is bounded by s = 2s − (s − 1) − 1 ≤ d. Consequently we obtain r + 1 = r + 1 − s − q + s + q ≤ µ + ξ((d + 2)µ) + d, where q is defined as above.
Finally, we have to express the Picard index µ in terms of the free part of the grading weights w 0 ij , u 0 k and the torsion part Cl(X) t as claimed in the assertions. This is a direct application of the formula of Proposition 2.2.
Proof of Theorem 1.1. Theorem 3.3 provides bounds for the exponents and the number of relations as well as for the free part of the grading weights and the torsion part of Cl(X). Since we have | Cl(X) t | ≤ µ the possibilities for the torsion part of the grading weights are also restricted. Suitably estimating yields that the number δ(d, µ) of different deformation types is bounded by We claim that any two of the listed Cox rings do not describe varieties that are isomorphic to each other. Two minimal systems of homogeneous generators of the Cox ring contain (up to reordering) the same free parts of generator degrees w 0 ij , u 0 k ∈ Z. Consequently they are invariant under isomorphy. Further the exponents l ij > 1 are representing the orders of all finite non-trivial isotropy groups of onecodimensional orbits of the action T on X; see [7, Theorem 1.3] . Moreover, since none of the listed Cox rings is polynomial the varieties are all non-toric. This implies that every complexity one action can be assigned to a maximal torus in Aut(X). Since the maximal tori are all conjugated the varieties with complexity one torus action are isomorphic if and only if they are T -equivariantly isomorphic. Thus, running through the exponents l ij we receive that any two of the varieties listed in Theorem 1.2 are not isomorphic.
In case of Theorem 1.4 there is some more work to do. There are not isomorphic threefolds varying only in the torsion part of the grading weights, see for example number 2, 3 and 4. In these cases, comparing the torsion parts of the gradings shows that it is not possible to install a Cl(X)-graded ring isomorphism between the Cox rings of two different threefolds.
We consider exemplarily the threefolds number 2 and 3: Let D 2 be a prime divisor, representing deg(T 2 ) ∈ Cl(X) and let E 1 be a prime divisor, representing deg(S 1 ) ∈ Cl(X) . Then D 2 has isotropy group of order l 2 = 3 and E 1 has infinite isotropy. In case of threefold number 2 the term D 2 − E 1 represents a non-trivial torsion element where as in case of threefold number 3 it is the zero element in Cl(X). Thus, these two varieties are not isomorphic. Analogously we proceed with all other cases to obtain finally the list of Theorem 1.4.
